We present a master equation describing the interaction of light with dielectric objects of arbitrary sizes and shapes. The quantum motion of the object, the quantum nature of light, as well as scattering processes to all orders in perturbation theory are taken into account. This formalism extends the standard master equation approach to the case where interactions among different modes of the environment are considered. It yields a genuine quantum description, including a renormalization of the couplings and decoherence terms. We apply this approach to analyze cavity cooling of the center-of-mass mode of large spheres. Furthermore, we derive an expression for the steady-state phonon numbers without relying on resolved-sideband or bad-cavity approximations.
I. INTRODUCTION
In quantum optomechanics, light is used to cool and control the mechanical motion of massive objects in the quantum regime [1] [2] [3] [4] . These systems have potential applications in quantum information [5] [6] [7] [8] , metrology [9] [10] [11] [12] , and can even be used in experiments testing the foundations of quantum mechanics [13] [14] [15] . In the broad research area of cavity quantum optomechanics two classes of systems can be distinguished: the reflective case, realized in deformable Fabry-Pérot resonators [16, 17] or microtoroidal cavities [18] , and the dispersive case, like in the membrane-in-the-middle configuration [19] [20] [21] or in optically levitating nano-dielectrics [22] [23] [24] [25] [26] . In the latter, the dimension of the object along the cavity axis (i.e., the width of the membrane or the diameter of the nanosphere) is typically much smaller than the optical wavelength. This implies that the dielectric can be treated as a dipole with some induced polarizability [23, 24] . The problem is akin to that of single point particles, like atoms or ions, in the weak excitation regime. Thus, the theory and methods that have been developed in the context of laser cooling, trapping, and manipulation of single atoms and ions can be directly applied to optomechanical systems (see, e.g., [27] [28] [29] for some expository articles). In particular, sideband-cooling techniques [30, 31] have been successfully employed to achieve the ground state in a nano-optomechanical system [32, 33] (see also [34, 35] ).
The control that is being achieved in dispersive quantum optomechanics opens up the challenge to explore the physics of larger objects. While this is certainly within experimental reach [36] , the existing quantum theories are not applicable since the dielectric object can no longer be considered as a simple dipole. In contrast, for sizes comparable or larger than the optical wavelength, multiscattering processes within the dielectric have to be taken into account. As it is well-known from classical nanophotonics, they give rise to a modification of the forces experienced by the system, as well as other interesting * Electronic address: anika.pflanzer@mpq.mpg.de phenomena [37] .
In this article, we present a quantum theory describing the interaction of light with the center-of-mass of nonabsorbing dielectrics of arbitrary shapes and sizes. In particular, we derive a master equation for the motion of the particle and the cavity mode. This method considers the full scattering process by linking the coefficients of the master equation to the scattering matrix. This allows one to use the tools and techniques developed in the context of classical nano-photonics to determine the evolution of the quantum system. These include advanced numerical techniques, like the discrete-dipole approximation [38] , the T-matrix method [39] , or, for some special geometrical shapes, even analytical solutions, like the socalled Mie solution [40] [41] [42] .
We apply this approach to a dielectric object in a high-finesse optical cavity and obtain an equation that is quadratic in the field operators of the center-of-mass and the cavity mode. For this general master equation, the steady-state phonon numbers are derived without relying on the common resolved-sideband or bad-cavity approximations. We illustrate this solution by analyzing the problem of laser-cooling in cavity optomechanics with optically levitating dielectric spheres of diameters comparable or even larger than the cavity mode wavelength. While ground-state cooling can be achieved for spheres much smaller than the wavelength, the minimal phonon numbers attainable for larger spheres oscillate around values of n min ≈ 500. Note that this approach assumes that all photons are scattered into the bath modes, which is justified for objects that are not adapted to the cavity geometry, such as spheres or cylinders, but not for membranes [43] .
The manuscript is organized as follows: In Sec. II, we describe the system, listing the assumptions and defining the Hamiltonian. Following this, we present the main result of this manuscript in Sec. III: a master equation describing the interaction between light and the motion of arbitrary dielectric objects. First, the effect of the presence of a dielectric on a free electromagnetic field is discussed in Sec. III A, where the corresponding scattering equations are solved. Based on this, we derive a general master equation describing the joint dynamics of the cavity mode and the center-of-mass motion of a dielectric in Sec. III B. The description of the optomechanical setup is obtained by assuming the Lamb-Dicke regime and a strong driving field in Sec. III C. In Sec. IV we investigate the possibility to cool dielectric objects deriving a general theory beyond the common approximations to determine phonon numbers in the steady state. Finally the optomechanical parameters for levitating spheres are determined in Sec. V. In Sec. VI we draw the conclusions and give an outlook on further directions. In App. A we review the classical solution of the scattering equations. Following this, in App. B, we describe how the full spectrum of the electromagnetic field after interaction with a dielectric can be determined within an extended Wigner-Weisskopf approach. In App. C we supplement the derivation of the master equation in the optomechanical case described in Sec. III C. The manuscript is rounded off in App. D by a discussion of the small-particle limit.
II. PHYSICAL MODEL AND HAMILTONIAN
In this section we describe the system consisting of a dielectric object interacting with one or several confined electromagnetic modes. We discuss the assumptions that are taken and derive the complete Hamiltonian.
A. Assumptions
In this description of the interaction between a dielectric with a center-of-mass positionr and a photonic field, the following assumptions are taken:
1. The object has a volume V , a density distribution ρ, and a mass M = ρV . Note that the density distribution is assumed to be homogeneous for simplicity. In contrast to the common assumption, see e.g.
[23], we do not restrict the size of the dielectric to the sub-wavelength scale of the light field, but allow for arbitrary sizes.
2. The dielectric constant r is assumed to be homogeneous. The permeability of the object µ is chosen to be equal to the vacuum permeability, µ = µ 0 , which is a good approximation for the dielectric objects we are mainly interested in.
3. As shown in [23] , the center-of-mass (cm) mode of dielectrics at the micron-scale is decoupled from the vibrational ones. Hence, we will only consider the motion of the cm degree of freedomr and neglect its coupling to vibrational modes.
4. We assume the dielectric constant of the object to be real, i.e., no absorption effects are taken into account. In the language of scattering theory, this signifies that only elastic scattering processes are accounted for.
5. Throughout the first part of the paper, Sec. IISec. III, we assume the electromagnetic field to be scalar and neglect polarizations for a better readability of the equations. The derivations for polarizations can be carried out in full analogy. We use the results including polarizations in the analysis of cavity optomechanics with levitating spheres in Sec. V.
6. We assume that all photons are scattered into the bath modes. This is a valid assumption for geometries that do not fit the cavity's geometry like, e.g., spheres, whereas for membranes the scattering into the cavity mode has to be taken into account [43] .
B. Hamiltonian
The Hamiltonian consists of three parts,
the cm motion of the dielectric is described byĤ M , the energy of the electromagnetic field byĤ L , and the interaction between the light and matter is given byĤ LM . For the master equation description that we want to pursue in the proceeding, it is useful to divide the total Hamiltonian intoĤ
whereĤ S denotes the Hamiltonian describing the system, H B denotes the part describing the bath andĤ BS the coupling between the two. Each of these terms will be defined in the following.
The kinetic energy
The motion of the free untrapped dielectric is described byĤ M =p 2 /(2M ), wherep denotes the momentum operator of the cm coordinates in the direction we are interested in. While the dielectric object we investigate may have an arbitrary three-dimensional shape, we consider only its motion in one dimension. Due to the harmonicity of the trap, the coupling between the different directions can be neglected. Nevertheless, in many cases it might still be necessary to control the motion in the other directions, e.g., via feedback cooling [44] . In particular for linear or quadratic potentials, also the coupling to internal vibrational modes of the sphere can be neglected. In the absence of an additional external potential, the Hamiltonian can be diagonalized in the basis of the vibrational eigenmodes. Adding an external potential leads to some coupling between the cm degree of freedom and the vibrational modes. The frequency of the vibrational eigenmodes is roughly given by ω n ∝ n c sound /R, where c sound denotes the sound velocity and R the extension of the dielectric. For micron-scale objects it is several orders of magnitude larger than the trapping frequencies typically achieved for the cm degree of freedom. This enables one to adiabatically eliminate the vibrational modes merely leading to a negligible renormalization of the system's energy. A detailed discussion using a theory of quantum elasticity can be found in [23] .
The energy of the free electromagnetic field
The energy of the free electromagnetic field is described byĤ
where 0 denotes the vacuum permittivity,Ê tot the electric field andB tot the magnetic one. The total electromagnetic field can be divided into a part containing the continuous modes and one or several confined modes. The continuous part is defined aŝ
where the label B signifies that this continuum of planewave modes will generally be treated as a bath. The different modes are characterized by the annihilation (creation) operatorsâ k (â † k ) with a mode frequency ω k and a wave vector k, where we will denote k = |k|. Note that we set = 1 throughout the manuscript. In the next step we define a confined mode of the electromagnetic field with annihilation (creation) operatorâ 0 (â † 0 ), mode frequency ω 0 , mode volume V 0 and a mode profile given by f (x). Typically it describes a mode in a cavity subject to some boundary conditions. We label this inhomogeneous part of the electromagnetic field S (for system), it is given byÊ
The extension to several inhomogeneous modes can be achieved in an analogous fashion.
Light-matter interaction
The most interesting part of the Hamiltonian describes the interaction between the dielectric and the electromagnetic field. The response of the object's polarization is assumed to be linear to the electric field, which is fulfilled for the typical light intensities considered in this manuscript. The interaction Hamiltonian is given bŷ
whereP tot (x) is the object's polarization and the integration is performed over the volume of the dielectric V with center-of-mass coordinater. AssumingP tot (x) = α pÊtot (x) and comparing the resulting relation between the polarization and the electric field for the macroscopic [45] and microscopic case (see [23] for a concise derivation), one obtains α p = 0 r and
where c = 3( r − 1)/( r + 2) is defined in terms of the relative dielectric constant r . Here, the cm is treated as an operator, such that Eq. (7) gives the coupling terms between the object's position and the light field.
Before describing the different contributions in detail, we reconsider the inhomogeneous modeÊ S that has been separated from the continuum, see Eq. (5). It describes one (or several) mode(s) that differs from the continuum. While in the specific setup of optomechanics with levitating spheres both the tweezer and the cavity field contribute, we describe this mode in general as the system mode. Due to the high photonic occupation numbers that might occur in the presence of a strong driving field, it can be divided into a classical part and a quantum part by displacing the operatorsâ 0 = â 0 +â 0 (note that we will omit the prime hereafter). This yields an additional contribution to the electromagnetic field given by
where E S (x, t) is not an operator and describes the classical part of the light field with α = â 0 , the square root of the photon number. PluggingÊ tot (x) =Ê S (x) + E S (x) + E B (x) into Eq. (7) leads to different contributions in the Hamiltonian H tot of Eq. (1). The Hamiltonian describing the system consisting of the inhomogeneous mode and the mechanical degree of freedom can be written aŝ
The energy of the bath modes is given bŷ
whereŴ (r) describes the interaction between different bath modes induced by the presence of the dielectric,
The interaction between the system and the bath modes is denoted bŷ
The noninteracting part of the Hamiltonian describing the energy of the system and the bath is given bŷ
In quantum optics, the interaction between different bath modes, Eq. (11), is commonly neglected. In contrast, when describing the scattering of light from larger objects, interactions among the bath modes have to be taken into account, such that it is no longer justified to neglect W (r).Ĥ 0 thus effects a coupling between different modes of the bath, such that the bath operators are not a diagonal basis anymore. We demonstrate in the following how this problem can be addressed and connected to a description within scattering theory.
III. MASTER EQUATION FOR ARBITRARY DIELECTRICS
We give a concise description of the two modes of the system we are interested in, the mechanical mode describing the center-of-mass motion of the dielectric and the cavity mode of the light. Therefore, we trace out the other modes of the electromagnetic field, the free modes. The typical quantum-optical approach to these systems is the method of Born-Markov master equations, where the bath is eliminated to derive a description exclusively for the system's dynamics. The Hamiltonian is split into a part describing the energy of the system and the bath, H 0 , and the interaction between the two,Ĥ BS . For typical quantum-optical systems,Ĥ 0 is diagonal in the bath operatorsâ k as interactions among them are negligible, such that the transformation to the interaction picture is straightforward. The difficulty we confront when describing the interaction between light and a dielectric sphere in a cavity larger than the wavelength is that due to the large number of scattered photons, interactions within the bath, given by Eq. (11), have to be taken into account. This effects a Hamiltonian which is non-diagonal in the bath operatorsâ k .
The strategy to approach this problem is to first solve the equations of motion, effected by the interaction with the dielectric, for the bath operators. Connecting these expressions to the Lippmann-Schwinger equation for the scattering process of a single photon, we give the solution for the bath operators containing the full scattering interaction in Sec. III A. Subsequently, we derive the master equation in Sec. III B describing the cavity mode and the center-of-mass mode in this new basis of bath operators, enabling one to express all quantities in terms of scattering operators. Finally, we specify this approach to optomechanical systems, assuming a strongly-driven cavity and the Lamb-Dicke regime for the cm operator in Sec. III C.
A. Solution of the scattering equations for the free field
The equations of motion of the electromagnetic field in the Heisenberg picture are determined and connected to the Lippmann-Schwinger equation. We are only interested in the homogeneous part of the electromagnetic fieldÊ B (x, t) given by Eq. (4) and assume that no inhomogeneity (i.e., cavity) is present, leaving us with a system fully described byĤ B , Eq. (10). We keep the center-of-mass operatorr in the equations of motion, but neglect its action for now assuming M → ∞. The Heisenberg eqs. of motion can thus be determined aṡ
Let us first defineÊ B =Ê
B , whereÊ
and the incoming field is given bŷ
With these definitions at hand, we can close the set of equations given by Eq. (14) by carrying out the following steps: we formally integrate Eq. (14) over time, multiply both sides by i ω k /2 0 (2π) 3 e −ikx , and take the integration over k to obtain
Note that we assume the spectral distribution of the electromagnetic field to be peaked at a certain frequency ω 0 and we thus have introduced the slowly-varying field
B (x). This justifies the assumption thatÊ ± B (x, t) remains constant on the time scales of the system's evolution which allows one to take it out of the integration in Eq. (17) . Integrating dk in Eq. (17) yields a function that decays quickly in τ . This allows for an extension of the upper integration boundary t to ∞ (Markov approximation) and hence yieldŝ
where the limit γ → 0 + is understood. Taking the inverse transformation, the field operators can be written aŝ
This equation for the operators of the electromagnetic field resembles the Lippmann-Schwinger equation [46, 47] . In order to connect the two descriptions, enabling one to employ solutions known from scattering theory in our approach, we proceed in the same way defining
as the matrix elements of the operator describing the scattering interaction. In analogy we define the transition matrix T k,k (r), given by
Note that both V k,k (r) and T k,k (r) are operators for the center-of-mass degree of freedom but not for the photonic ones. That is, if we fixr, neglecting the object's motion, V k,k (r) and T k,k (r) are simply numbers without any operator-character. By iteration, the transition matrix describes scattering processes to all orders of perturbation theory, as illustrated in Fig. 1 (an explicit formula for the expansion of T k,k (r) in terms of V k,k (r) can be found in standard textbooks [47] ). Subsequently, Eq. (21) enables one to rewrite the total time evolution of the operators, Eq. (19), aŝ
This expression is equivalent to the classical field equations given by Eq. (A1). For its solution we can thus rely on the variety of methods that has been developed during the past decades described in Sec. A. A useful relation that will be used to simplify the computation of transition amplitudes for spheres in Sec. V, is the optical theorem connecting the scattering ampli-
Graphical illustration of the transition matrix T k,k 0 (r) as an infinite series in the light-matter interaction. The first term denotes the direct interaction between the dielectric and light, the second one a process, where a photon is virtually absorbed and reemitted, the third one a process, where two intermediate photons are involved, etc.
tude in forward-direction to the scattering in all other directions [46] :
Before we continue the analysis, to ease the notation, it is useful to define the space of mode functions in which the matrices T k,k (r) and V k,k (r) act, and consider them as operators, i.e., V k,k (r) = k|V (r)|k , where |k are the basis vectors of such a space. They can be viewed as mode functions with momentum k. As we describe scattering out of the cavity mode in this article, let us now define the transition amplitudes for mode shapes different from plane waves and express them in the basis |k . For the Born approximation of scattering theory [62] , consisting in settingT (r) ≈V (r), we obtain
where |c describes the mode function of the cavity, which can be written as x|c = f (x)/ √ V c in positionrepresentation, where f (x) is assumed to be real. Evaluating this expression yields
where we have used that the distribution of ω k is peaked around ω 0 , allowing for the substitution ω k ≈ ω 0 .
B. General master equation for the cavity and the center-of-mass mode
Within the Born-Markov approximation, the master equation describing the system's full dynamics is given bẏ
(26) The Born-Markov approximation consists in the following assumptions: the density matrices of the system and the environment are considered to be separable, ρ tot =ρ S ⊗ρ B , and correlations between bath operators are taken to decay quickly. Furthermore, the bath is assumed to remain unchanged during the interaction with the system,ρ B (t) ≈ρ B (0). This is valid given that the bath is very large and the effect of the interaction with the system can be neglected.
Moreover, for typical quantum-optical systems interactions between different bath operatorsâ k ,â † k , Eq. (11), are negligible, i.e.,Ŵ (r) ≈ 0, such that
While these approximations are typically fulfilled for point-particles, difficulties are encountered when extending the method to larger objects. It is in particular the negligence of interactions between different bath operators that is no longer justified. More specifically, we realize that contributions, where interactions among bath operators are taken into account to different orders, scale as ∝ (R/λ) 2n . Here, R denotes the dimensions of the object, λ the wavelength of the inhomogeneous light mode, and n the nth order of the multiple scattering process. Consequently, an approach where these interactions are accounted for is necessary. This is done by including the correlations between the bath operators described bŷ W (r) in the Hamiltonian that is used to transform to the interaction picture,
To find a solution, we connect this approach to the description within scattering theory given in Sec. III A.
Based on this analysis, we can develop a master equation that accounts for interactions among different bath modes. As an example we now discuss the first term of the master equation, where all operators are in front of the density matrix, in more detail:
Here, |Ω denotes the vacuum state and we have defined
where counter-rotating terms have been neglected. Let us now connect Eq. (29) to the description in terms of mode functions in the scattering picture. First, we shift the time dependance of F(t,r) to the operators by
where the invariance of the vacuum state under time evolution has been used. In order to make the procedure more transparent, as a first step, only the 0th order Born approximation of scattering theory is identified. Subsequently, the treatment is extended to a description of all orders. The lowest order of the Born series giveŝ
, so that we need to evaluate
Recalling the definition of the expectation value V k,c (r) in the scattering picture, Eq. (25), we identify
The same procedure can now be applied without taking the Born approximation and considering the full transition matrix, by plugging Eq. (22) into Eq. (31), which yields
where Eq. (21) has been used. All other terms of the master equation can be determined in full analogy yieldinġ
whereĤ S is the system Hamiltonian given by Eq. (9) andĤ rn the renormalization
where P denotes Cauchy's principal value. Note that a similar master equation for the cm degree of freedom has been discussed in the context of scattering of air molecules [48] [49] [50] [51] [52] .
C. Master equation for the optomechanical setup
In this section, we adapt the general master equation Eq. (35) to the specific optomechanical setup we are interested in. Therefore, we take the following approximations:
1. The inhomogeneous mode is assumed to be a strongly-driven cavity effecting large cavity occupation numbers n phot = |α| 2 , such that α â 0 . This enables one to neglect certain terms in the master equation.
2. We assume the Lamb-Dicke regime: the dielectric is positioned close to the maximal slope of the standing wave in the cavity and close to the minimum of the harmonic trapping potential of the optical tweezers. The motion around its cm position is considered to be small, such that the Lamb-Dicke parameter η = k∆r 1 (with ∆r = r 2 − r 2 ), facilitating an expansion of the transition operator matrix elements T k,c (r) in kr.
Displacing the cavity operator by α such thatâ 0 →â 0 +α and expanding the transition operator to second order, T k,c (r) ≈ T k,c (0) + T k,c (r)|r =0r + T k,c (r)|r =0r 2 leads to a master equation, where we take into account terms that are at most of quadratic order in the cavity operatorsâ 0 ,â † 0 and the cm operatorsr = x 0 (b +b † ). Here, T n k,c (r) = ∂ n T k,c (r)/∂r n denotes the nth partial derivative and x 0 = 1/2M ω t the zero-point motion of the center-of mass mode. In the following we give an interpretation of the different contributions to the master equation and indicate which terms yield a renormalization to the Hamiltonian, can be neglected, or describe decoherence. We describe these terms in decreasing order in α.
Contributions ∝ |α| 2
The largest contribution to the master equation are terms ∝ |α| 2 |T k,c (0)| 2 . As they do not contain operatorcharacter they cancel.
The next order in the Lamb-Dicke parameter η is given by terms ∝r, which can be shown to vanish using Hilbert transforms and the analytic property of the function T k,c (r)|r =0 T * c,k (0), see App. C for an explicit analysis. The only contributing terms are ∝r 2 and describe a renormalization of the trapping frequency of the dielectric provided by the optical tweezers and decoherence of the cm operator. The renormalization of the trapping frequencyω t = ω t + ∆ M can be simplified exploiting the analytic properties of the functions and is given by
The decoherence of the mechanical motion is described by
with
The decoherence of the cm thus depends on the form of the transition amplitudes with respect to the cm position. The physical process underlying this effect is recoil heating via photon scattering.
Contributions ∝ α
Also for contributions ∝ α * â 0 |T k,c (0)| 2 , the analyticity of the transition operator can be exploited. Applying a Hilbert transformation, we can show that these contributions cancel, see App. C for a more detailed analysis.
Terms ∝ α * â 0r effect both a coherent and an incoherent contribution. The incoherent part describes decoherence of the mechanical and the light degree of freedom and can be shown to be negligible as demonstrated in App. C. In contrast, the coherent contribution yields a non-negligible renormalization of the optomechanical couplingg = g + g rn defined by
Furthermore, terms ∝r 2 describe decoherence of both the mechanical mode and the light mode. Comparing to Eq. (39) for the cm mode, these contributions are suppressed by 1/α and can thus be neglected. Also for the cavity mode, these terms are negligible, given that η Terms ∝ |T k,c (0)| 2 yield both a coherent and an incoherent contribution describing a renormalization of the resonance frequency of the cavity and a part describing the cavity's decay:
The renormalization of the cavity's resonance frequencỹ
These are the only non-vanishing contributions as terms ∝r are suppressed by the Lamb-Dicke parameter η and terms ∝r 2 even by η 2 compared to Eqs. (41), (43).
Final master equation
To summarize, we identify the contributions to the final master equation:
They can be grouped as follows:
1. Contributions of Hamiltonian-type,
where the frequencies and couplings stemming from the system's HamiltonianĤ S , given by Eq. (9), are renormalized bŷ
The corresponding renormalizations are defined by Eqs. (37), (40), (43) . Note that the Hamiltonian of Eq. (45) has been transformed to a frame rotating at the laser frequency ω L , where δ now denotes its detuning from the cavity resonance frequencyω 0 .
The recoil heating via photon scattering of the cm mode yields L M [ρ S ], given by Eq. (38).
3. The decay of the cavity mode due to the presence of the object yielding L L [ρ S ], is described by Eq. (41).
Consequently, all frequencies, couplings, and decay rates are renormalized taking into account all terms beyond the first Born approximation of scattering theory. This enables one to use exact solutions if available, or in general to truncate the perturbation series in a controlled way. While this master equation only contains the time evolution of the cavity and the cm operators, information about the scattered fields can be obtained by applying the quantum regression theorem. The scattered light is directly accessible in experiments and can, e.g., be used to monitor the cooling of the mechanical motion [53] . To complement the analysis given here, we show how to derive the scattered fields directly in App. B within an approach similar to Wigner-Weisskopf, but accounting for interaction processes between the bath modes.
IV. COOLING
Before applying the master equation discussed in the previous section to the particular case of cavity optomechanics with optically levitating spheres, we provide a general description of optomechanical cooling and the minimal phonon number attainable with master equations of at most quadratic order in the operators of the mechanical and the cavity mode. Cooling is in general a vital ingredient in any attempt to demonstrate quantum-mechanical behavior. Most descriptions make certain approximations to ease calculations, e.g., the sideband regime is commonly employed in optomechanical setups [30, 31] . Here, the system will be treated in the most general way not relying on any approximations (as some of them might not be fulfilled for larger objects). The master equations we are interested in, are typically of the form given by Eq. (44).
The mean phonon number b †b is coupled to all other expectation values of combinations of the operatorŝ a 0 ,â † 0 ,b, andb † , yielding the Eqs. of motion in matrix formv
where
M denotes the interaction matrix, and c a constant vector. The master equation Eq. (44) keeps the Gaussian character for an initially Gaussian state. Subsequently, also the system of equations Eq. (47) is Gaussian in the operatorsâ 0 ,â † 0 ... and linear in the expectation values b †b . Since Eq. (47) represents a closed system of equations, they can be solved as
for the steady state. The steady state phonon number can be extracted from this quantity as
with In general, all parameters are determined by the properties of the system, solely the detuning δ can be chosen. According to the definition of Eq. (45), δ > 0 denotes red detuning and δ < 0 blue detuning. To obtain the optimal point for cooling, one consequently has to optimizen with respect to δ. Let us now compare this exact solution to the one obtained after an adiabatic elimination of the cavity mode. Starting from Eq. (44), we eliminate the cavity mode assuming that its decay rate is much larger than the coupling between the mechanical degree of freedom and the light, κ g. In this case it is justified to assume that the cavity is either empty or contains only one photon, therefore reducing the master equation to the one-excitation manifold, described by ρ 00 , ρ 10 , ρ 01 , ρ 11 . Due to the fast decay of the cavity mode described by κ, the change of all contributions involving an excitation is approximately zero, finally yielding an equation of motion for the empty cavity ρ 00 . After carrying out a rotating wave approximation assumingω t |g 2 /(κ + i(δ ±ω t ))|, the final steady state phonon occupation is given by:
64g 2 δκω t .
(52) To obtain the minimal occupation number, this equation needs to be optimized with respect to δ. Comparing the adiabatically-eliminated solution to the exact one, it becomes clear that the approximation breaks down in the strong-coupling regimeg ≈ω t , where the rotating-wave approximation is no longer valid, see Fig. 2 for an illustration. Note that Eq. (52) can be derived from Eq. (51) taking the approximation κ g. In case we choose the detuning δ =ω t andω t κ, we obtain the minimal occupation number in the sideband regimē
where C denotes the cooperativity, given by Eq. (62).
V. CAVITY QUANTUM-OPTOMECHANICS WITH LEVITATING SPHERES
The theory developed in the previous sections provides a general framework to describe dielectrics interacting with one specific mode of the electromagnetic field. Here it will be used to describe cavity-optomechanics with levitating spheres [22, 24, 25] . Due to the levitation, their mechanical degree of freedom (i.e., the motion of . Differences between the two solutions evolve asg is increased. Only the regions, where a steady state is attainable have been plotted, they all lie within the red-sideband regime. For blue detuning or an optomechanical coupling which is too strong, the system is heated and no steady state can be obtained. Upper left pannel: Sideband-resolved regime with weak coupling, κ = 0.3ωt, Γ = 0.03ωt,g = 0.07ωt, Upper right pannel: κ = 0.3ωt, Γ = 0.03ωt,g = 0.3ωt, Lower left pannel: Bad-cavity limit for weak coupling κ = 3ωt, Γ = 0,g = 0.1ωt,Lower right pannel: Bad-cavity limit for strong coupling, κ = 3ωt, Γ = 0,g = 0.864ωt their cm) is prevented from clamping losses, which are the main source of decoherence in most optomechanical systems. Hence, they hold the promise for a variety of applications, ranging from the efficient implementation of protocols to realize non-Gaussian states [23] to the preparation of large superpositions of their cm position [14, 15] . In particular this enticing perspective has the potential to realize tests of quantum mechanics in an entirely new parameter regime. All of these results are only valid for nano-objects smaller than the optical wavelength, enabling one to neglect multiplescattering effects. Although schemes to Doppler-cool dielectric spheres using Mie resonances have been discussed [54] , cavity-optomechanics with larger levitating objects has not been described before. In particular in the light of recent experiments on feedback-cooling of a microsphere [36] , a description of this new parameter regime is timely.
We thus proceed to determine the optomechanical parameters and final occupation numbers for levitating dielectric spheres. The setup is similar to the one discussed in [23] , but is extended to a description of spheres larger than the cavity wavelength. It is sketched in Fig. 3 : a classical light field, effected by a retro-reflected optical tweezer, E tw (x, t), creates a harmonic trap for the cm of the dielectric, (note that trapping via a stronglypopulated cavity mode can be described in full analogy). Besides, a second cavity fieldÊ cav (x, t) is used to manip- ulate it, such that
The optical tweezer used for the trapping is given by
where and we assume the beam to be aligned as sketched in Fig. 3 . While we are only interested in the classical part of this field as it is used solely for the trapping, we include both the quantum and the classical part of the cavity field consisting of a standing wave in z-direction and a Gaussian profile in x-and y-direction,
This equation denotes the cavity field in the displaced form, where |α| 2 = n ph is the mean number of photons in the steady state, n ph = 2P c κ/ω 0 /(iδ + κ), with P c being the power of the driving laser. The mode function is given by f cav (x) = exp − cos(k 0,z z − ϕ), where ϕ denotes the equilibrium position of the dielectric, k 0 the wave vector of the cavity light, and the mode volume is given by V 0 = LπW 2 0 /4 with L being the cavity length and W 0 its waist. While the classical term merely yields a shift of the trapping frequency and the equilibrium position, the quantum part of the mode function is used to manipulate the cm degree of freedom of the dielectric including the part describing the opto-mechanical coupling. Note that we only consider one mode of the cavity here, higher harmonics supported by the cavity are not included, they are contained in the continuum of homogeneous modes and coupling to them is treated as losses. In case of using a second cavity mode for the trapping instead of the tweezer, Eq. (56) simply has to be summed over several modes with different profiles.
The full dynamics of the system is obtained taking into account the coupling of the tweezers and the cavity mode to the vacuum modes, given by Eq. (4). The full master equation is described by Eq. (44) with the corresponding decay rates given by Eq. (39) and Eq. (42), where Γ contains contributions of the cavity mode and the tweezers.
The specific description of spheres is eased by the availability of an analytical solution, the Mie solution, for the scattered fields and cross sections [41, 42] . The Mie solution is based on expanding the incoming electromagnetic field in spherical waves. This expansion suits the sphere's geometry and it is thus possible to apply boundary conditions to determine the scattered fields. Note that while the polarization of the electromagnetic field has been neglected to ease the notation in the previous sections, we take it into account here. The Mie solution is defined for plane-wave states, and we use the relation
to formulate the solution for the cavity field in terms of classical amplitudes. For spherical objects, assuming a vanishing absorption, [ r ] ≈ 0, it is possible to connect all quantities to the classical scattering amplitude in the forward-direction using the optical theorem, Eq. (23), which yields
The coefficients a n , b n depend on the dielectric constant and the radius of the sphere, they are defined in terms of spherical Bessel functions. We refer the reader to standard textbooks [41, 42] for their specific form. Hence, the optomechanical parameters can be determined:
1. The optomechanical coupling is defined bỹ
where c denotes the velocity of light and ϕ the position of the sphere in the cavity.
2. The total cavity decay rate is defined by κ tot = κ 0 + κ, where κ 0 is the intrinsic cavity decay rate resulting from imperfections in the mirrors and
3. The recoil heating of the dielectric due to scattering of cavity photons can be computed as
Note that the recoil heating from the trapping lasers can be obtained in full analogy by inserting the tweezer mode.
Besides the minimal phonon number n min describing the possibility to cool the system (close) to its quantummechanical ground state, another figure of merit to describe the cavity-optomechanical properties is the cooperativity C. This measure for the coherent coupling between the motion and light is defined by
and depends on the size of the particle and its position in the cavity. It is in particular essential to have a sufficiently high cooperativity to perform protocols coupling the cm to the light [23] . Assuming that the object is positioned at the maximal slope of the standing wave and is much smaller than the laser's waist, the asymptotic form of the cooperativity is given by
under the assumption that the laser's waist is larger than the object. In case the dielectric is not fully covered by the laser's waist, the beam's Gaussian shape has to be taken into account [55] leading to an even lower cooperativity. In the proceeding, both the minimal phonon number and the cooperativity are used to quantify the system's performance as an optomechanical setup. The optomechanical parameters are thus determined as illustrated in Fig. 4 for varying sphere sizes. The experimental parameters are chosen as follows:
• Dielectric object: We assume spheres of fused silica with density ρ = 2201 kg/m 3 , a dielectric constant [ r ] = 2.1 and [ r ] ∼ 2.5 × 10 −10 . We vary their radii between R = 10nm−2µm and position them at the maximal slope of the cavity field, ϕ = π/4.
• Cavity: We assume a confocal high finesse cavity of length L = 4 mm and finesse F = 5×10 5 leading to a cavity decay rate κ 0 = cπ/2FL = 2π × 44kHz. Considering the graphical illustration of the optomechanical parameters in Fig. 4 , the absolute value of the optomechanical couplingg first increases with the radius R reaching a local maximum at R ≈ 260 nm, then decreases and even vanishes at R ≈ 370 nm. In the following it continues these oscillations. The decoherence rate of the cm motion first increases ∝ R 3 , then begins to fall off for R 600 nm. This is due to its dependence on the ground-state size and the cross section, where the scattering is described by the Rayleigh cross section ∝ R 6 for small objects, to give way to a scaling ∝ R 2 in the limit of geometrical scattering and the squared ground state size, which is ∝ R −3 . Also the cavity decay rate increases ∝ R 6 at first, then shows some plateaus to finally converge to a scaling ∝ R 2 . Consequently, the cooperativity first decreased immensely to exhibit oscillations later on. These oscillations can only be predicted taking multiple-scattering processes into account. Nevertheless, the maximal values of the cooperativity are merely C ≈ 0.05. The minimal phonon number is obtained by minimizing the functionn described in Eq. (51) with respect to δ. While ground-state cooling is feasible for spheres R 250 nm, only relatively large final phonon numbers can be achieved for larger spheres, e.g., n min ≈ 350 for R ≈ 1.3µm.
VI. CONCLUSION AND OUTLOOK
We have derived a full quantum theory to describe the coupling of light to the center-of-mass motion of non-absorbing dielectrics of arbitrary sizes and shapes in optical cavities. The common approach to the description of sub-wavelength dielectrics and light is within the framework of Born-Markov master equations [56] . For quantum-optical systems, interactions among different bath modes are commonly not present or negligible. However, as the size of the dielectric is increased to the order of the cavity wavelength, this approximation is no longer justified. In this article, an approach to take these interactions into account has been developed. This is achieved by describing the bath operators of the electromagnetic field in terms of their scattering solution in the presence of a dielectric and developing a master equation in this new basis. Based on this method, it is possible either to solve the problem exactly, if analytical solutions are available, or to truncate the series of multi-scattering processes in a controlled way. The resulting master equation of Lindblad form gives a full description of the system's dynamics, more specifically, decoherence rates for both the cavity and the light mode as well as renormalizations to the Hamiltonian can be calculated.
In the second part of the paper, we apply these methods to optically levitating spheres of arbitrary size, determining all optomechanical parameters. In particular, the solutions are expanded in terms of classical scattering amplitudes for plane-wave states, demonstrating that the knowledge of these amplitudes is sufficient to fully analyze the system. In the spherical case, an analytical solution for the scattering amplitudes, the Mie solution, simplifies computations. Summarizing the results, we find that on the one side, small spheres can be cooled to their quantum-mechanical ground state and can be efficiently addressed by light due to a high cooperativity.
On the other side, as expected, ground-state cooling is out of reach for larger spheres and only relatively high phonon occupations n min ≈ 350 can be obtained.
Albeit the focus of this article is on the general derivation of the theory and the analysis has been restricted to transparent spheres without internal structure, we would like to give an outlook on two extensions of this work that might significantly decrease the minimal phonon numbers. First, objects which are better-suited, or even tailored to the cavity mode, might perform more efficiently as an optomechanical device. Given the fact that they scatter most photons back into the cavity mode, losses are reduced yielding more benign conditions for optomechanics and thus lower phonon numbers and a higher cooperativity. Another possibility could be to develop new cooling schemes based on the additional use of internal degrees of freedom of the sphere. As the sphere grows larger, the coupling between the cm and the relative motion is increased and additionally displays some resonances. These resonances hold the potential to be used to cool the cm motion via coupling to the relative degrees of freedom, already being sparsely occupied due to their high frequencies.
be determined exactly by expanding the field in spherical waves and subsequently applying boundary conditions, yielding the so-called Mie solution [40] [41] [42] . Perturbative approaches [57, 58] , based on the analytical solution and an extension of the treatment via distorting the surfaces at different points, only allow for calculations of small perturbations. Numerical approaches like the discrete dipole ansatz [38] or the T-matrix method (see, e.g., [39] for an expository article) are applicable to a larger class of objects and are widely used today. Indeed, these approaches coincide with the analytical solution for perfectly spherical objects [38] . In the limit of very large objects, R λ, applying a ray-optics approach immensely simplifies the calculation of forces on the dielectric [59] . A further analysis of the classical solution is beyond the scope of this article and we refer the reader to the literature, for example, [37] for a more detailed discussion.
Once the electromagnetic field including the scattering is obtained, the classical radiation force is determined via the momentum conservation law: the force acting on the dielectric is the change in momentum of the EM field and can be determined from Maxwell's stress tensor. The total force on an object interacting with the EM field consists of the change of mechanical momentum and field momentum F tot = dP mech /dt + dP field /dt with
where B denotes the magnetic field, ρ e the charge density and J the current. Rewriting and manipulating this equation (see [45] for details) yields a formulation in terms of Maxwell's stress tensor,
where the integration is taken over the surface dA of the object and n is the outward normal vector to the closed surface S. Maxwell's stress tensor is given by the electric and magnetic fields
(A4) Plugging in the expression for the scattered electromagnetic field in the above equation, we can determine the forces on the dielectric. This method to determine forces enables one to calculate trapping of dielectrics and also to calculate radiation pressure effects. However, this approach cannot be used to determine a full dynamical description of the system and its decoherence rates. In this Appendix, an alternative approach to the description of the interaction between a single photon and a dielectric is given within the Wigner-Weisskopf ansatz. In contrast to a direct description with master equations, where information about the light fields can be extracted via the quantum regression theorem, the WignerWeisskopf approach directly yields expressions for the photonic fields. Analyzing the light emitted from the cavity yields information about the mechanical state of the system. Following [53] , it is possible to determine the occupation of the mechanical mode, and thus, to monitor the cooling of the system. Complementing the master equation ansatz, in App. B 1, we solve the equations of motion for the coefficients of the density matrix taking into account correlations among the free modes of the field. In full analogy to the solution of the Heisenberg equations of motion given in Sec. III A, the equations of motion for the coefficients of the density matrix can be demonstrated to be equivalent to the LippmannSchwinger equation enabling one to use solutions of the classical scattering equations. Subsequently, an inhomogeneity in the electromagnetic field is added in App. B 2 and its effect on the scattered fields is investigated. Finally, a master equation describing the decay of the cavity mode is derived in App. B 2 b.
Free photons
Here, the evolution of a single photon in a plane-wave state interacting with a dielectric is discussed. For simplicity, the motion of the object is neglected for now, assuming M → ∞. The coefficients of the wave function in the Schrödinger picture are defined by
where |Ω denotes the vacuum state. The assumption that the object's mass is infinite manifests itself in the independence of the wave function of the object's momentum state: the effect of the photon's recoil on the dielectric is neglected. To obtain the Eqs. of motion, we let the homogeneous part of the Hamilton given by Eq. (10),Ĥ B , act on the above wave function. This yields
In order to close this system of equations, we define
with h(x,r, t) = h (+) (x,r, t) + h (−) (x,r, t). Subsequently we multiply both sides of Eq. (B2) by i dk √ ω k exp(−ikx). A formal integration over time and a transition to the frame rotating at a frequency ω 0 ,h(x,r, t) (±) = exp(±iω 0 t)h (+) (x, t), yields
where h
in (x,r, t) is defined in analogy to Eq. (16) . Also here, we assume h (+) (x,r, t) to be peaked at ω 0 . In order to solve this differential equation, we have taken the slowly-varying approximation, assuming thath(x,r, t) (±) can be taken out of the integration that is extended to t → ∞. A transformation back to the coefficient picture thus gives in full analogy to the operators of the electromagnetic field, Sec. III A,
The coefficients contain the information about the full dynamical evolution of the system and can be used to reconstruct its density matrix.
Cavity field
In this section the analysis of the previous chapter is extended to the more general case, where an inhomogeneity in the electromagnetic field is present. This inhomogeneity is typically a cavity that changes the system's mode distribution. Also in this case, the cm degree of freedom is treated as a number and its motion in the cavity is neglected. We solve the Schrödinger eqs. of motion for the coefficients in Sec. B 2 a and subsequently derive the master equation for the time evolution of the cavity modeâ 0 in Sec. B 2 b.
a. Solution of the inhomogeneous part
The wave function including the cavity mode is written as
where s 0 is constant and c 0 (t), c k (t) are time-dependent. The Hamiltonian, Eq. (7) causing the scattering consists of two parts,Ŵ (r), Eq. (11) 
where the rotating-wave approximation has been taken, which is equivalent to remaining in the oneexcitation manifold. Using Eq. (B3), we can simplify Eqs. (B7), (B8) to obtain after an integration over time
inh (x,r, t) = h (+) (x,r, t) + d(x,r, t)
with d(x,r, t) = dkA(k,r, t)e ikx , 
The first part of the integration in Eq. (B9) has been carried out under the Markov assumption, which is justified as correlations in the electromagnetic field decay quickly. No approximation is taken for the time evolution of the inhomogeneous part and it is kept in the most general form for now. The strategy to find a solution for the inhomogeneous case described by Eq. (B9) is to connect it to the homogeneous one, described in the previous section, Sec. B 1.
The solution of the homogeneous case, Eq. (B4), can be formally written in vector-form as
whereB describes the scattering operator in matrix form and h denotes the continuous vector-representation of h(x,r, t). Comparing the homogeneous case to the inhomogeneous one, an additional inhomogeneous term is present leading in analogy to Eq. (B12) to
where 1/(1 −B) denotes the solution-operator for the plane-wave state. This equivalence facilitates the solution of the inhomogeneous system by connecting it to the homogeneous one. The system is initially assumed to have one photon in the cavity mode and none in the homogeneous modes, c k (0) = 0, such that h in = 0 and Eq. (B9) can be solved as h (+) (x,r, t) =d in (x,r, t) + c dk
where d in (x,r, t) is defined in analogy to Eq. (16) . Taking the inverse transformation yields the solution for the coefficients c k (t)
Plugging Eq. (B14) back into Eq. (B8), we can close the equations of motion. After taking the Markov approximation assuming that the system does not change significantly during the interaction with the environment, such that c 0 (t − τ ) ≈ c 0 (t). Using some standard relations for the scattering operators, the time evolution of the inhomogeneous mode in terms of transition operators is given bẏ c 0 (t) c 0 (t) = − dk|T k,c (r)| 2 πδ(ω k − ω 0 ) + iP 1 ω k − ω 0 .
(B16) The effect on the light field can be determined approximating T k,c (r) ≈ T k,c (0) thus neglecting the effect on the cm mode. 
with the decay rate
and a Lamb shift
These results are in accordance with Fermi's Platinum Rule, the extension of Fermi's Golden Rule to all orders in multiple-scattering processes.
b. From the coefficients to the master equation
Starting from the wave function Eq. (B6), the system's density matrix is obtained by tracing out the environment and can be written as [60] ρ S (t) = |c 0 (t)| 2 s * 0 c 0 (t) s 0 c 0 (t) * 1 − |c 0 (t)| 2 .
Taking the derivative giveṡ ρ S (t) = 
Using Eqs. (B18), (B19) finally yieldṡ
where ∆ L denotes a shift of the energy levels, and κ describes the decay rate of the cavity photons due to losses effected by the presence of the dielectric. This master equation and its decay rates are equivalent to the result for the light fields obtained in Sec. III.
